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1. a) Explain what is meant by the critical energy density, p. = %. What is its

value today, i.e., p2? (1p)
b) Show that the Friedmann equation can be written as:

H? = H3 [Q,(1+ 2)" + Qu(1 4 2)* + Qe (1 + 2)* + Q]

where Qu = p3,/p0,2, = p%/p& Qg = —ﬁ and {2y = ﬁ

All indices 0’ indicate values for z = 0. (3p)

2. a) Show that an empty, flat universe with A > 0 expands as a(t) x efI. (2p)

b) Explain the relevance of this solution for the early universe and why an ex-
ponential expansion could solve some of the problems of the Big Bang model. (2p)

3. Neutrinos are kept in thermal equilibrium in the early universe through weak
. . . . . 22 .
interactions, with typical cross-sections o = OJ“W—Z, where « is the fine-structure
w
constant (=~ 1/137) and My, ~ 80 GeV/c? is the mass of the W—boson. The
reaction rate is I' = nowv, where n and v are the neutrinos number density and

average velocity:.

a) Explain why weak interactions are weaker than electromagnetic interactions

and have short range. (1p)

b) Explain the origin of a neutrino relic background. (1p)
1

N
¢) Show that neutrinos ”decouple” at a temperature T = (%) "~ 4 MeV.

(Recall that Mp; = (%)7). (2p)
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4. The number density of non-relativistic particles in thermal equilibrium is given

by:
mT\ 3 m
NNoRe = Gi\ ) ¢ T
2m
a) What are the interactions that can interchange neutrons and protons (i.e. start
with one sort and end with the other)? (1p)

b) Assuming a freeze out at Ty=0.8 MeV, estimate the relic abundance of *He
(i.e., the baryon mass fraction in “He) assuming all neutrons are captured (2p)
¢) Explain the role of neutron life time and changes in T} for the * He abundance.

(1p)

5. Explain why the following measurements are sensitive to cosmological parame-
ters.
a) Dating of (old) stars and galaxies. (1p)
b) Distance measurements to Type la supernovae. (1p)
c) Strong gravitational lensing. (1p)
d) Anisotropies in the Cosmic Microwave Background. (1p)

6. a) Assuming a constant equation of state parameter w and a single fluid in a flat
universe and ag = 1, show that

a(t) = (3(1 ) H0t> e

2
Hint: start from the fluid equation in the compilation of formulae (2p)
b) Show that the deceleration parameter (qg, also in the sheet) in such a universe
becomes qo = 2% (2p)

Good luck!



Compilation

Equations
R, — %gw,R — Ag = 87GT,, ;
=19 (p+3%) + %
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cz T
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Constants

of useful formulas

Newton’s constant

6.672 x 10~ m3 kg=! s72
2.998 x 108 m s !

Speed of light c

or 3.076 x 1077 Mpc year—!
Planck’s constant h=h/2r 1.055 x 10734 m? kg s~*
Boltzmann’s constant kg 1.381 x 10728 J K¢

or 8.619x 1075 eV K1
Radiation constant o = 12kE /15053 7.565 x 10716 J m—3 K4
Electron mass MeC? 0.511 MeV
Proton mass mp02 938.3 MeV
Neutron mass mpc? 939.6 MeV
Planck mass Mp;c? 1.2 - 10 GeV
Thomson cross-section Oc 6.652 x 10729 m?2
Neutron halftime (free neutron) ¢, /9 611 s
Hubble constant Hy 100 h km s~ 'Mpc~!

or HO_1 =9.77 h™! x 10° years

h

0.704 £ 0.025

Conversion factors

1 pc = 3.261 light-year = 3.086 x 10'® m
1 year = 3.156 x 107 s
1eV =1.602x10717]J
1 Mg = 1.989 x 1039 kg




